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Day 1B Presentation Content:

1. ACS SASSI Flexible Volume SubstructuringSSI 

Methodology 

2.    ACS SASSI Motion Incoherency Modeling
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1. ACS SASSI Flexible Volume 
SubstructuringSSI Methodology 

Theoretical and Implementation Aspects
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Flexible Volume Substructuring(FVS) in 
Complex Frequency
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SSI Analysis Methods and Models

Real Idealized 

Direct Approach
(Single Step Analysis) 

( Single FE Model)

Vertical wave propagation is used to replace 

actual complex ground motion pattern, but 

still produce specified motion at control point.

Conventional  BCs 
(stiffness, damping, soil motion)

Enormous amount of solid 

elements; 99% of FE 

elements are in soil media
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(a)Kinematic Interaction Analysis

Structure has stiffness but no mass. 

Analysis leads to determination of motions at

different points in structure relative to base 

control point.

(b) Inertial Interaction Analysis

Motions computed in (a) are applied to masses in 

structure as shown above. 

Analysis leads to computation of new motions       

at different points in structure.

Linearized SSI Analysis Superposition Theorem
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a) Kinematic SSI Analysis

(Wave Scattering Problem Pb)

c) Inertial SSI Analysis 

(Structural Dynamics Pb)
b) Impedance Computation

(External Force Pb)

SSI SubstructuringUsing Three Step Approach

No Structure No Structure

Rigid Boundary SSI Substructuring(Kausel,1974)
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FE Model Boundaries 
(stiffness, damping, soil motion)

99% of FE elements are in soil

Only 1D soil layering variation model is 

used to compute the input motions and 

the soil impedance for SSI analysis via 

axisymmetric soil deposit modeling

SASSI SubstructuringApproach (Complex Frequency)

Structural dynamic analysis 

step includes 3D Structure 

FEM and Excavated Soil FEM

1D Soil Layering FE Model    

w/o Excavated Soil

(Free Field Analysis)

3D Structure w/ Excavated Soil       

FE Model  (SSI Analysis) 

Direct Approach (Time-Domain)

8

Direct SSI Approach vs. SASSI Approach
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Input 

motion

Free-field 

motion

1D Soil Model 3D FE Model
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Direct SSI Approach and SASSI Approach Models

BNL LS-DYNA Model

Xu et al., 2006

E-SSI Model (Low Frequency)

Nebojaet al., 2015

Direct SSI Approach Model SASSI Approach Model

Surrounding Infinite Soil FE Model
Excavated Soil FE Model



2021 Copyright of Ghiocel Predictive Technologies, Inc.. All Rights Reserved. 5-Day ACS SASSI Introductory Training Notes

10

s e e s

ii ii ii iw iw is i ii i iw w

e e

wi wi ww ww w wi i ww w

s s

si ss s

' '

' '

è ø- + - + +ë û ë û
é ùî î î î
- + - + = +ì ü ì üé ù

î î î îé ùí ý í ýê ú

C C X C X C U X U X U

C X C X 0 U X U X U

C 0 C U 0

)()()( w=ww QUCComplex Frequency 

Domain Formulation:

Interaction

Nodes

Complex Dynamic Stiffness

Complex Absolute Displacements

Complex Seismic

Load Vector

REMARK: All Excavated Soil nodes are interaction nodes 

(include exact equations of motion)

Complex Soil Impedance Terms

Flexible Volume (FV) SubstructuringMethod
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Soil Deposit

Bedrock/Half-Space Formation

Structure

Buffer Layers plus 

Lysmer-Kuhlemeyer

Viscous Boundaries
Incident Waves

Control Motion

Kausel-Waas

Axisymmetric 

Consistent 

Boundaries; 

3D Space

System Components Aspects:

1) Free-filed Soil Layer Variation (1D)

2) Assembly SSI System and Solve (3D)

Far-Field Soil 

(Free-Field)

Seismic soil motions and soil impedances 

for the excavated soil are computed FAST 

from free-field analysis

1D Soil

3D Structure

SASSI SubstructuringUses 3D1D SSI Models
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[M]{ü} + [C]{ü} + [K]{u} = -{m}ÿ

[M]{ü} + [K*]{u} = -{m}ÿ
i ty Yew=

{}{}i tu U ew=

( )* 2[K ] [M] {U} {m}Y-w = -

SSI Analysis Formulation in Complex Frequency

Assume:

Then:

( )* 2

s s[K ] [M] {A } {m}-w = -

Solve for complex transfer functions for each frequency:

Then the solution in frequency domain:

{ } { }s sU A Y=

Use Fourier Transform for transient time histories, and the compute solution in time domain:

s

N / 2
i t

j j,s

s 0

u (t) Re U e
w

=

= ä

The equation of motion of the SSI system is:
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Seismic SSI analysis is solved in the complex frequency domain.

Implementation include the following steps:

1. Solve the site response problem  (SITE)

2. Solve the impedance problem  (POINT, ANALYS)

3. Form the load vector (ANALYS)

4. Form the complex stiffness matrix (HOUSE, ANALYS)

5. Solve the system of linear equations of motion (ANALYS)

6. Compute SSI responses in time histories and maximum 
values (MOTION, RELDISP, STRESS)

Main Computational  Steps:

Linearized Seismic SSI Analysis Implementation
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Visco-Elastic Material Hysteretic Models in                    
Physical Space and Complex Frequency Space

* * *(x) D (x)s = e

( )*D D 1 i tan= + d

* i t(x, t) (x)ews =s

( ) * i tx, t (x)ewe =e

2 2

s s sG* G(1 2 2i 1 )= - b + b -b

2 2

p p pM* M(1 2 2i 1 )= - b + b -b



2021 Copyright of Ghiocel Predictive Technologies, Inc.. All Rights Reserved. 5-Day ACS SASSI 

Introductory Training Notes
15

Imag(D*) 1 W
tan

Real(D*) 2 W

D
d= =

p

Real(D*)

)c(

Real(D*)

Imag(D*)
tan

ww
==d

Hysteretic Model (Frequency-Independent); structure and soil, LRB/FP

Viscous Model (Frequency-Dependent); HVD isolators

Linearized Hysteretic and Viscous Models 

Damping (Imaginary Part)
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Free-field Motion Input
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Governing equations for the horizontal soil layering subjected to a 

system of plane incident body waves of SV and P type (that produces 

both normal and tangential stresses in soil layers). 

The waves arrive at an arbitrary angle at the base of the soil layering 

from an underlying uniform half-space. The motions created by the 

incident plane body waves will produce displacements in 3D space, 

but these displacements will not vary in horizontal direction 

perpendicular to the wave propagation direction. 

Assuming that this perpendicular direction is Y, the resulted motion will 

involve only the direction X and Z as shown in next slide (Chen, 1981)

Free-Field Response for Different Seismic Waves
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If the wave excitation is harmonic excitation and the soil is an isotropic 

viscoelastic medium, then, the equations of motion are:

For in-plane motion (SV and P):

2
2 X

X 2

u
(M* G*) G* u

x t

µµe
- + Ð =r

µ µ
2

2 Z
Z 2

u
(M* G*) G* u

z t

µµe
- + Ð =r

µ µ

For out-of-plane motion (SH waves):
2

2 Y
Y 2

u
G * u

t

µ
Ð =r

µ

Free-Field Motion in Time Domain 
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Thomson-Haskellôs formulation for the motion of multilayered soil system 

overlaying an elastic halfspaceproduces very complicated equations of 

motions in which the wave number k enters in complex transcedental

functions. A large simplification could be made if the displacement are 

assumed to vary linearly within each layer (Waas, 1972, Kausel, 1974). 

2
2

*2 2
P

1

V t

µ F
Ð F=

µ

2
2

*2 2
S

1

V t

µ Y
Ð Y=

µ

022 =+FÐ Pk 022 =+FÐ Sk

Using the Helmholtzôs theory, the in-place motions described by the partial 

differential equations (PDEs) can be considered in terms of the two wave 

potentials associated with P and SV wave motions denoted 

ad

Assuming that the wave potential vary also harmonically the two coupled 

equations are separated in two independent equations:

The Real(k) indicates how fast the wave propagates at given frequency 

and Imag(k) indicates how fast wave amplitude decays with distance.



2021 Copyright of Ghiocel Predictive Technologies, Inc.. All Rights Reserved. 5-Day ACS SASSI Introductory Training Notes

20
Incidence and Reflection of a SV Wave Arriving at a Free Surface

Free-Field Models for Different Seismic Waves.

Inclined SV Wave Propagation.
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Discrete Soil Layering System

Layered Soil Model Via Thin Layer Method (TLM)

Linear Stress Variation Within Layer j

2n equations
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2 2

b

0
(Ak Bk G M)U

F
+ + -w =

The n soil layer model for SV and P waves

Solution to the above equation 

yields the displacement vector { U }. 

Site Response Responsefor Seismic SV-P Waves

The above matrix equation defines a 

quadratic eigenvalue problem. 

Since the length of the finite element 

layer lengths do not appear in the 

matrices A, B, G and M indicates that 

wave radiation is considered without 

reflection. 

The eigenvalues k are the possible 

wave numbers and the eigenvectors V 

are the corresponding mode shapes.

TLM Solution
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The quadratic eigenvalue problem has solution V if only and only if the 

determinant of the coefficient matrix vanishes. To get the solution of the 

quadratic eigenvalue problem an inverse iteration scheme with spectral 

shifting by Rayleigh coefficients and deflation via the Gram-Schmidt 

orthogonalization was applied. 

Details in Wass, 1972, Chen, 1981, Kausel, 2006.

It should be noted that for soft nonuniform deep saturated soil deposit for which 

the Poisson coefficient is close to 0.50, say above 0.47 when a large number of 

soil layers is required, SITE module iterative algorithm for solving the soil layering 

eigenvalue problem might not converge correctly to the right solution, and this 

could further reflect in some spurious peaks in the complex amplitude SSI 

responses.

Layered Soil Eigen Solution Iterative Algorithm 
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The 2k

The layered soil system banded symmetric matrices A, B, G and M are 

assembled from the submatrices for each layer. Their size is 2n + 2. 

The overall solution vector contains 2n + 2 displacement amplitudes for the 

n + 1 layer interfaces each having two degrees of freedom in the X and Z 

direction. 

It should be noted that the solution is based on a continuum model theory in 

the horizontal direction and a discrete finite element in the vertical direction.

and k matrices are diagonal matrices with complex wave numbers. 

Free-Field Motion for Seismic SV-P Waves (cont.)
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The site response complex displacement solution at a given frequency is 

expressed as

s

2n
i( t k x)i t

S S

S 1

Ue V e
w -- w

=

= aä

Or, for the complex amplitude 

displacement response

i ,s r ,ss

2n 2n
k x ik xik x

S S S S

S 1 S 1

U V e V e e
- --

= =

= a = aä ä

where Saare the mode participation factors and      SV are the mode shapes. 

The complex wave number K has a real part r,s sK / C=w and an

imaginary part       that characterizes the wave propagation speed 

(phase velocity) and the amplitude decay.

Wave Complex Amplitude Decay

i,sK

Free-Field Motion for Seismic SV-P Waves (cont.)

The negative ratio ( )i rK / K- is a measure of how fast the wave mode decays       
for a single wavelength.
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For vertically propagating waves the quadratic eigenvalue problem 

reduces to a linear eigenvalue problem since matrices A and B are zero. 

Therefore the solutions for the SV and P waves are decoupled. 

For vertically propagation waves the complex amplitude solution takes 

the form

() () ikx

S SU z V z e-= aä

Note that the above equation defines the motion at any horizontal 

distance x and for all the points on layer interfaces within the soil model. 

Once the location of control point is selected, the horizontal distance x 

can be obtained for all the interaction nodes. 

Free-Field Motion for Vertically Propagating           

S and P Seismic Waves
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Soil Layer Thickness Size Limitation for SSI 

Analysis (due to TML Formulation)

ÅFor such elements the accuracy of the solution is function of the method 

used to compute the mass matrix and an accuracy better than 10 percent 

on wave amplitude is obtained if the element size h follows the relations 

shown below:

s

s  

s  

    1/8   for  lumped  mass matrix

h        1/5  for  consistent mass matrix

1/5 for mixed mass matrix

l

¢ l

l

ÅThe wave length is obtained from

s
s

max

V

f
l =
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Modeling of Semi-Infinite HalfspaceBedrock
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The total depth H of the added layers 

varies with frequency and is set to: 

The total thickness of the n layers is:
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The Variable Depth Method (Soil Buffer Layers)
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Vertically Loaded Halfspace

ŭ(t)

Dashpot Analog
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2021 Copyright of Ghiocel Predictive Technologies, Inc.. All Rights Reserved. 5-Day ACS SASSI Introductory Training Notes

30

2 2(Ak iBk G M)U 0+ + -w =

For the generalized Rayleigh wave motion of the free-field equation is:

The quadratic eigenvalue problem has solution V if only and only if the 

determinant of the coefficient matrix vanishes. 

To get the solution of the quadratic eigenvalue problem an inverse 

iteration scheme with spectral shifting by Rayleigh coefficients and 

deflation via the Gram-Schmidt orthogonalization was applied. 

The iterative algorithm was further modified for different incident waves, 

and to include at the soil layering base a viscoelastic half space. 

The viscoelastic halfspaceis simulated by combining the soil layer 

variable depth method with a Lysmer-Kuhlemeyerviscous boundary at 

the bottom of the model

The solution for Rayleigh waves has the same form as for body waves:

s

2n
i( t k x)

s s

S 1

u V e
w -

=

= aä

Free-Field Motion for Rayleigh Waves
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The n soil layer model for a) Rayleigh waves and b) Love waves

Free-Field Models for Rayleigh and Love Waves

Rayleigh waves 

Love waves 

The solution for the 

Rayleigh and Love wave 

mode shapes with the 

associated wave numbers 

are also used for 

computing the transmitting 

boundary matrix for the 

wave motions moving out 

of the plane of the site 

model.
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3D Scattered Wave Transmission and Soil 
Impedance Calculations
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The problem of evaluating the dynamic flexibility matrix for a SSI problem 

reduces to the problem of finding the response of horizontally layered 

system to point loads at the layer interfaces. In 3D space this problem is an 

axisymmetric problem and can be solved using the axisymmetric FE model.  

The model consists of a central cylinder with radius  that is discretized in 

axisymmetric quadrilateral elements and is enclosed by an axisymmetric 

transmitting boundary. 

The lower boundary of the soil layering is a viscoelastic halfspacethat can 

de simulated using the variable depth and viscous boundary methods 

described before. 

Consistent boundaries constitute perfect absorbers of any kind or waves 

impinging with arbitrary incidence. They can be placed next to embedded 

structures, so that size of FE model stays reasonably small.

3D Consistent Boundary For Energy Transmission 

Using Axisymmetric Layered Soil Model
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3D Consistent Boundary For Energy Transmission 

Using Axisymmetric Layered Soil Model

Degrees of Freedom for Transmitting Boundary

(Kausel, 1974, 1981): 

3n equations


